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Building Procedural Fluency from Conceptual 
Understanding

“Effective teaching of mathematics builds fluency with procedures on 
a foundation of conceptual understanding so that students, over time, 
become skillful in using procedures flexibly as they solve contextual 
and mathematical problems.”

Principles to Actions:  Ensuring Mathematical Success for All, 
National Council Teachers of Mathematics 2014







Building Procedural Fluency from Conceptual 
Understanding

What are the foundational concepts for the procedures in these tasks?


•  Graphing parabolas using transformations

•  Completing the square

•  Quadratic formula



Building Procedural Fluency from Conceptual 
Understanding

•  How does the conceptual approach based on students’ knowledge of 
functions provide access to the procedures?  

•  How does the conceptual approach based on students’ knowledge of 
functions provide motivation for the procedures?



Brutus Bites Back 



Brutus Bites Back

•  What conceptual understandings about inverses are surfaced in 
this task?



Flipping Ferraris



Flipping Ferraris

•  What conceptual understandings about inverses are solidified in 
this task?

•  What procedural ideas are being developed?



Tracking the 
Tortoise



Tracking the Tortoise

•  What conceptual understandings about inverses are solidified in 
this task?

•  What procedural ideas are being developed?



Functions Learning Progression:  Linear Functions

Linear Functions

Secondary 
Mathematics I

Secondary 
Mathematics II 

Concepts and Definitions
Constant rate of change
Exchange rate between variables
Arithmetic sequences are discrete linear functions
Comparing linear and quadratic functions
Comparing linear and exponential functions


Module 3
Module 2
Module 4

Modules 3 and 4

 
 
 
 
Module 1 

Procedures
Solving systems of linear equations and inequalities
Writing equations of lines given various information
Changing the form of a linear equation


Module 2
Modules 2, 3, and 
4
Module 4

Tools
Graphs of linear functions
Story contexts for linear functions
Recursive formulas for arithmetic sequences
Point/slope, slope/intercept, and standard form of explicit 
equations
Tables (including using the first difference)


Modules 2, 3, and 
4
Modules 2, 3, and 
4
Module 3
Module 4
Modules 2, 3, and 
4



Functions Learning Progression:  Exponential 
Functions 

Exponential Functions

Secondary 
Mathematics I

Secondary 
Mathematics 
II

Concepts and Definitions
Constant ratio between terms or growth by equal factors over equal 
intervals
Geometric sequences are discrete exponential functions
Comparing linear and exponential functions
Comparing exponential and quadratic functions


Module 3 and 4
Module 4
Module 4






Module 1 

Procedures
Writing equations of exponential functions 
Solving basic exponential equations (without using logarithms)
Recognizing equivalent forms and using formulas


Modules 3 and 4
Module 4
Module 4

Tools
Graphs of exponential functions
Story contexts for exponential functions
Recursive formulas for geometric sequences
Explicit equations for exponential functions
Tables (including using the first difference)


Modules 3 and 4
Modules 3 and 4
Module 3
Modules 3 and 4
Modules 3 and 4



Functions Learning Progression: Quadratic Functions 

Quadratic Functions

Secondary 
Mathematics I

Secondary 
Mathematics II

Concepts and Definitions
Linear rate of change
Product of two linear factors


Module 1
Module 1

Procedures
Factoring
Completing the Square
Graphing using transformations


Module 2
Module 2
Module 2

Tools
Graphs of quadratic functions
Story contexts for quadratic functions
Recursive formulas for quadratic sequences
Factored, vertex, and standard form of explicit equations for 
quadratics
Tables (including using the first and second differences)
Quadratic Formula

Modules 1 and 2
Modules 1 and 2
Module 1
Module 2
Modules 1 and 2

Module 3



Functions Learning Progression:  Inverse Functions and 
Logarithmic Functions

Inverse Functions and Logarithmic Functions
Secondary 
Mathematics II

Secondary 
Mathematics III


Concepts and Definitions
Functions and their inverses “undo” each other 
The domain of a function is the range of its inverse
Definition of a logarithm



Module 5


Module 1
Module 1
Module 1

Procedures
Reflecting the graph of a function to find the graph of 
the inverse
Finding inverse functions from the equation of an 
inverse
Using logarithms to solve exponential equations
Using properties of logarithms



Module 5

Module 5


Module 1

Module 1

Module 2
Module 2

Tools
Story contexts for functions and their inverses
Graphs of functions and their inverses
Tables of functions and their inverses



Module 1
Module 1
Module 1



Functions Learning Progression: Polynomial and 
Rational Functions

Polynomial and Rational Functions

Secondary 
Mathematics II

Secondary 
Mathematics III

Concepts and Definitions
Rate of change (sum of (n-1) degree polynomial)
End behavior of polynomial (including quadratic) and rational 
functions



Module 1
Module 1


Module 3
Module 3 and 4

Procedures
Factoring
Completing the Square (Quadratics)
Finding Roots and Multiplicity
Graphing using transformations


Module 2
Module 2

Module 2




Module 3 and 4

Tools
Graphs of polynomial and rational functions
Story contexts for polynomial and rational functions
Factored form of explicit equations for polynomial and rational 
functions
Standard form of polynomial functions
Tables (including using the first and second differences)
Inverse Variation


Module 3 and 4
Module 3
Module 3 and 4

Module 3
Module 3
Module 4



Functions Learning Progression:  Other Functions 

Other Functions

Secondary 
Mathematics I

Secondary 
Mathematics II

Concepts and Definitions
Relationship between variables such that each input has exactly 
one output
Domain 
Range



Module 4

Modules 3 and 4
Modules 3 and 4



Module 4

Module 1, 2, 4
Module 1, 2, 4


Procedures
Transformation of functions



Module 5


Modules 2 and 4

Tools
Graphs of functions
Story contexts for functions
Recursive formulas for functions
Explicit equations using function notation
Tables


Modules 2, 3, 4, 5
Modules 2, 3, 4, 5
Module 3
Module 4, 5
Modules 2, 3, 4,5


Modules 1, 2, 4
Modules 1, 2, 4
Module 1
Modules 1, 2, 4
Modules 1, 2, 4




Tracking the Standards  
 



Big ideas about functions from a Mathematics Vision 

Project perspective: 
 •  Families of functions are defined by their rates of change.

•  Recursive forms reveal rates of change and cumulative change, are 
intuitive for students, and are a natural starting point for thinking 
about functions.  

•  Each of the representations for functions:  table, graph, equation, 
story context, and geometric figures offer different ways to access, 
understand, and communicate the ideas of functions.

•  A deep understanding of a function includes being able to describe 
its mathematical features such as x-intercepts, y-intercept, intervals 
of decrease and increase, end behavior, etc, from any of the 
representations and to connect the features to the type of function 
under consideration.



More Big Ideas About Functions

•  Functions can all be transformed using the same techniques.
•  Procedures and definitions can be formalized based on intuitive 

understanding of concepts.
•  Algebra may be approached from a functions perspective, 

motivating procedures and anchoring student thinking in the work 
of functions. 

•  Understanding of functions grows and builds over time with ideas 
about more complex functions built upon simpler functions and 
combinations of functions, both composed or combined using 
arithmetic operations.  

•  Functions and their inverses are important models for real-life 
phenomena. 


